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COMPLEX BRUNN-MINKOWSKI THEORY AND POSITIVITY OF VECTOR
BUNDLES.
BO BERNDTSSON
ABSTRACT. This is a survey of results on positivity of vector bundles, inspired by the Brunn-
Minkowski and Prékopa theorems. Applications to complex analysis, Kähler geometry and alge-
braic geometry are also discussed.
1. INTRODUCTION.
The classical Brunn-Minkowski theorem is an inequality for the volumes of convex sets. It
can be formulated as a statement about how the volumes of the vertical n-dimensional sections
of a convex body in Rn+m vary with the section; more precisely it says that the n:th root of the
volumes define a concave function on Rm. The theorem has many applications, and it has also
been generalized in many different directions ( see e. g. the survey, [36]).
One important generalization is Prékopa’s theorem, [56], which can be seen as a version of the
Brunn-Minkowski theorem for convex functions instead of convex sets. Let φ(x, t) be a convex
function on Rnx × R
m
t , satisfying some mild extra conditions. We define a new function on R
m
by
e−φ˜(t) =
∫
Rn
e−φ(t,x)dx.
Then Prékopas theorem says that φ˜ is also convex. Measures of the type
e−φdx,
where φ is convex, are called log concave , and in this terminology Prékopa’s theorem says that
the marginals, or push forwards, of log concave measures are log concave. If we admit convex
functions that attain the value ∞, the Brunn-Minkowski theorem is a direct consequence of
Prékopa’s theorem, corresponding to the case when φ is the indicator function of a convex body,
i. e. the function which is zero on the convex body and infinity outside. (Properly speaking we
get a version of the Brunn-Minkowski theorem with n:th roots replaced by logarithms. This is
the ’multiplicative version’ of the Brunn-Minkowski theorem, and is easily seen to be equivalent
to the ’additive version’.)
Among the many different proofs of Prékopa’s theorem, the one that is relevant to us here is
the proof of Brascamp and Lieb, [19]. It goes by first proving the Brascamp-Lieb inequality,
which is a Poincaré inequality for the d-operator (on functions). In the case when n = 1 (which
is really the main case) it says the following: Let u be a smooth function on R, satisfying∫
R
ue−φ(x)dx = 0,
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2where φ is a smooth function, which is strictly convex in the sense that φ′′ > 0. Then∫
R
|u|2e−φdx ≤
∫
R
|u′|2
φ′′
e−φdx.
From this, Prékopa’s theorem (and therefore also the Brunn-Minkowski theorem) follows just
by differentiating φ˜ twice, and applying the Brascamp-Lieb inequality to estimate the result.
Actually, the two results are ‘equivalent’ in the sense that the Brascamp-Lieb theorem follows
from Prékopa’s theorem too. ( See [26], which also gives a nice complement to the oversimplified
historical picture described above.)
Now we observe that the Brascamp-Lieb inequality is the real variable version of Hörmander’s
L2-estimate for the ∂¯-operator, [40], [28]. (This point of view was probably first stated clearly
in [25].) To describe the simplest case of Hörmander’s estimate we let φ be a smooth strictly
subharmonic function in C. Then we let u be a smooth function on C, satisfying∫
C
uh¯e−φdλ = 0,
for all holomorphic functions h satisfying the appropriate L2-condition ( dλ denotes Lebesgue
measure). Note that this is a direct counterpart to the condition on u in the real case. Then u
was assumed to be orthogonal to all constant functions, i. e. all functions in the kernel of d,
whereas in the complex case u is assumed to be orthogonal to all functions in the kernel of ∂¯.
The conclusion of Hörmander’s estimate is now that∫
C
|u|2e−φdλ ≤
∫
C
|∂¯u|2
∆φ
dλ,
which clearly is very similar to the conclusion of the Brascamp-Lieb inequality. The condition
that u is orthogonal to all holomorphic functions, means that u is the L2-minimal solution to a ∂¯-
equation, and this is how Hörmander’s theorem is mostly thought of; as an estimate for solutions
to the ∂¯-equation. (There is also an even more important existence part of Hörmander’s theorem,
but that plays no role here.) In the same way, the Brascamp-Lieb theorem is an L2-estimate
for the d-equation, and it can be obtained as a special case of Hörmander’s theorem, when the
functions involved do not depend on the imaginary part of z.
Given the importance of Prékopa’s theorem in convex geometry, it now becomes a natural
question if there are any analogous consequences of Hörmander’s theorem in the complex setting,
that generalize the real theory. This is the subject of the work that we will now describe.
The most naive generalization would be that letting φ be plurisubharmonic (i. e. subharmonic
on each complex line) in Cn × Cm, and defining φ˜ as we did in the real case, we get a plurisub-
harmonic function. This is however in general not the case as shown by a pertinent example of
Kiselman, [43],
φ((t, z) := |z − t¯|2 − |t|2 = |z|2 − 2Re zt
(in C2). It turns out that instead we should think of the volume of a (convex) domain as the
squared L2-norm of the function 1, and the integrals of e−φ as squared weigthed L2-norms. Then
it becomes natural to consider L2-norms of holomorphic functions in the complex case, i. e. to
3look at norms
‖h|2t :=
∫
Cn
|h(z)|2e−φ(t,z)dλ(z),
or similar expressions where we integrate over slices of pseudoconvex domains in Cn instead
of the total space. Let A2t be the (Bergman) space of holomorphic functions with finite norm.
Then we get a family of Hilbert spaces, indexed by t, i. e. a vector bundle, or at least a ‘vector
bundle like’ object (the bundles obtained are in general not locally trivial). The theorems that
we are going to discuss amount to saying that the curvature of these bundles is positive, or at
least non negative, under natural assumptions. If, intuitively, we think of the curvature as (the
negative of) the Hessian of the (logarithm of) the metric, this can be seen as a counterpart to the
Brunn-Minkowski-Prékopa theorem. One can also recover Prékopa’s theorem as a special case,
see section 2.
Let us add one remark on the relation of positive curvature to convexity in the real setting.
A convex function on Rn is the same thing as a plurisubharmonic function on Cn that does not
depend on the imaginary part of z. But, it is not the case that
− log ‖ht‖
2
t ,
is plurisubharmonic in t if ht is a holomorphic section of a holomorphic hermitian vector bundle
of positive curvature. This does however hold if the rank of the vector bundle is 1, so that we
have a line bundle, if we also assume that ht 6= 0 for all t. This is precisely the situation in the
real setting: The bundle of constants has rank 1 and the ‘section’ 1 is never zero, and that is why
we get simpler statements in the real setting. If we imagine a vector valued Brunn-Minkowski
theory (see [58]) we would get a situation similar to the complex case since
− log
N∑
1
e−φj
is in general not convex for convex φj , except when N = 1.
Looking at the complex situation, it is clear that the restriction to linear sections of a domain
in Euclidean space is not as natural as in the real case. The general picture involves two complex
manifoldsX and Y of dimensions n+m andm respectively, and a holomorphic surjective map
p : X → Y between them. This corresponds to the previous situation when X = Cn × Cm,
Y = U ⊂ Cm and p is the linear projection from Cn×Cm to Cm. The role of the linear sections
is played by the fibersXy = p−1(y) of the map. To get enough holomorphic objects to apply the
theory to, we will also replace holomorphic functions by holomorphic sections of a line bundle,
L, over X , and the plurisubharmonic function φ now corresponds to a hermitian metric of non
negative curvature on L. We then have almost all the ingredients for the complex theory, but one
item remains to sort out: How do we define L2-norms over the fibers?
For a general complex manifold, like the fibers of the map p, there is of course no substitute
for Lebesgue measure. The way out is to consider, instead of sections of L, (n, 0)-forms on the
fibers with values in L. Such forms with values in L have natural L2-norms, defined by wedge
4product and the metric on L. The bundle metric we get is
‖u‖2y = cn
∫
Xy
u ∧ u¯e−φ.
Again, in our model situation of Euclidean space, this corresponds to integration with respect to
Lebesgue measure. With this list of translations we obtain a counterpart to Prékopa’s theorem in
the complex setting, under natural convexity assumptions on X .
As it turns out, the nicest situation is when the map is proper, so that the fibers are compact,
and also a submersion, so that the fibers are manifolds. In this case, and assuming also that the
line bundle is trivial, the theorem was already known. Indeed it is a part of Griffiths’ monumental
theory of variations of Hodge structures, [37], [35]. Griffiths’ point of view however was rather
different. He considered the vector bundle that we are discussing, with fibers Hn,0(Xy), as a
subbundle of the Hodge bundle with fibers HndRh(Xy), with connection induced by the Gauss-
Manin connection on the Hodge bundle. It seems difficult to generalize this approach completely
to the twisted case, when L is nontrivial, since e.g. there is no twisted counterpart to the Hodge
bundle (see however [41]). It is also interesting to notice the different roles played by holomor-
phic forms: Griffiths was interested in holomorphic forms per se because of their relation to the
period map. Here the forms are forced upon us in order to define L2-norms.
In the next section we will give more precise formulations of the basic results. After that we
will turn to applications; to L2-extension problems for holomorphic functions, the (Mabuchi)
space of Kähler metrics in a fixed cohomology class, variations of complex strucures, and finally
positivity of direct image bundles in algebraic geometry.
Acknowledgement: The work described here has been influenced by discussions with many
people. In particular I owe a great debt to Robert Berman, Sebastien Boucksom, Dario Cordero-
Erausquin, Bo’az Klartag, Mihai Paun, Yanir Rubinstein and Xu Wang.
2. THE BASIC RESULTS
We begin with non proper maps, and start by looking at the simplest case. We let Ω be a
domain in Cn and U a domain in Cm. We then let X = Ω × U and let p : X → U be the linear
projection on the second factor. We will assume that Ω is pseudoconvex (meaning that it has a
smooth strictly plurisubharmonic exhaustion function). Let φ = φ(z, t) be plurisubharmonic and
smooth up to the boundary. Let
A2(Ω, φ) = {u ∈ H(Ω);
∫
Ω
|u|2e−φ(·,t) <∞},
be the corresponding Bergman space of holomorphic functions, equipped with the norm
‖u‖2t =
∫
Ω
|u|2e−φ(·,t).
Since φ is bounded, all the Bergman spaces are the same as linear spaces, but their norms vary
with t. We therefore get a trivial vector bundle E = A2 × U over U with a non trivial Hermitian
metric. We define its complex structure by saying that a section t → h(t, ·) is holomorphic if h
is holomorphic on Ω× U .
5Theorem 2.1. ([9]) The bundle (E, ‖ · ‖t) has non negative (Chern) curvature in the sense of
Nakano.
There are two main notions of positivity for Hermitian vector bundles; positivity in the sense
of Griffiths and in the sense of Nakano. Positivity in the sense of Griffiths is defined in terms
of the curvature tensor in the following way. Recall that the curvature is a (1, 1)-form, Θ, with
values in the space of endomorphisms of E. Then, if ut ∈ Et,
〈Θut, ut〉t
is a scalar valued (1, 1)-form. Positivity in the sense of Griffiths means that it is a positive form
for any ut. For the definition of positivity in the sense of Nakano, which is a stronger notion,
we refer to [28] or[9]. We should also point out that we are here in the somewhat non standard
situation of infinite rank bundles; this is also discussed in [9].
We first discuss the proof very briefly. Let F be the bundle (L2(Ω, φ), ‖ · ‖t), whose fibers
are general L2-functions, not necessarily holomorphic. It is also a trivial bundle, and we define a
section t→ ut to be holomorphic if the dependence on t is holomorphic. Then E is a subbundle
of F . It is easy to see that the curvature of F is the (1, 1)-form
∑m
1 φtj ,t¯kdtj ∧ dt¯k, where the
coefficients should be interpreted as the endomorphisms
ut → φtj ,t¯kut.
Then it is immediately clear that F has non negative curvature as soon as φ is plurisubharmonic
in t for z fixed. By general principles ([28]), the curvature of the subbundle E is given by
〈ΘEut, ut〉t = 〈Θ
Fut, ut〉t − ‖piE⊥θ
Fut‖
2
t .
Here θF is the connection form for the Chern connection of F , and piE⊥ is the orthogonal pro-
jection on the orthogonal complement of E in F . The important thing to notice is now that,
since piE⊥θ
Fut lies in the orthogonal complement of the space of holomorphic functions, it is the
L2-minimal solution of some ∂¯-equation, and we can apply Hörmander’s estimate (for pseudo-
convex domains in Cn). This allows us to control the second, negative, term by the first, positive,
one, and that gives the theorem.
It is well known that positivity in the sense of Griffiths, is equivalent to negativity of the dual
bundle, E∗. On the other hand, negativity in the sense of Griffiths, is equivalent to saying that
log ‖vt‖t
is plurisubharmonic for any holomorphic section of E∗.
This leads to a more concrete reformulation of the first theorem. For t in U , let t → µt be a
family of complex measures on Ω. Assume there is a compact subset, K, of Ω, such that all µt
are supported on K. Then
ut →
∫
Ω
utdµt =: µt(ut)
defines a secion of the dual bundle E∗ and it gets a norm inherited from the norm on Et.
Corollary 2.2. Assume that the section µt is holomorphic in the sense that
t→ µt(h(t, ·)
6is holomorphic for any h holomorphic onX . Then
log ‖µt‖t
is plurisubharmonic.
But this statement makes sense in a much more general situation.
Theorem 2.3. Let D be a pseudoconvex domain in Cn × Cm, and denote by Dt = {z ∈
Cn; (z, t) ∈ D} its vertical slices. Let µt be a family of measures on Dt that are all locally
supported in a compact subset of D, and depend on t in a holomorphic way so that
t→ µt(h(t, ·))
is holomorphic in t if h is holomorphic inD. Then
log ‖µt‖t
is plurisubharmonic in t.
This way we have implicitly defined positivity of curvature for the ’bundle of Bergman spaces’
A2(Dt, φ), even though this is not properly speaking a vector bundle, since it is not locally trivial.
Here we also note that Theorems 2.3 and 2.2 imply Prékopa’s theorem: Take D = (C∗)n (where
C∗ = C \ {0}), and define µ by taking averages over the n-dimensional real torus
µ(h) =
∫
Tn
h(eiθ1z1, ..e
iθnzn)dθ
(it does not depend on z). Computing the norm of µ as a functional on A2(D, e−φ(t,·)), where φ
only depends on |zj|, we recover Prékopa’s theorem.
One main case of Theorem 2.3 is when the measures µt are all Dirac delta functions.
Theorem 2.4. ([10]) LetD be a pseudoconvex domain inCn×Cm and let φ be plurisubharmonic
in D. For each t in the projection of D to Cm let Bt(z) = Bt(z, z) be the diagonal Bergman
kernel for A2(Dt, φ). Then logBt(z) is plurisubharmonic inD.
This theorem was obtained earlier when n = 1 and φ = 0 by Maitani and Yamaguchi in
[48]. It is a consequence of the previous result. Let t → f(t) be a holomorphic map such that
f(t) ∈ Dt, and let µt be a Dirac mass at f(t). It is immediate that t → µt(h) = h(t, f(t)) is
holomorphic if h is holomorphic on the product space. Moreover,
‖µt‖
2
t = Bt(f(t)),
so by the theorem, logBt(f(t)) is plurisubharmonic for any such map. This means that Bt(z) is
plurisubharmonic inD.
The proof of Theorem 2.3 uses the corollary, applied to a sequence of weights that tend to
infinity outside of D. It is given in detail in [10] for the situation of Bergman kernels, but the
same proof gives the more general result too. See also [68] for a detailed analysis of a curvature
operator defined in the setting of Theorem 2.3 (under one extra assumption) and conditions for
when the curvature vanishes.
7We next turn to general surjective holomorphic maps between complex manifolds, and there
we will restrict to the case of proper maps, to fix ideas. Let X be a complex manifold of dimen-
sion n + m and U a complex manifold of dimension m. Since our results are mostly local we
can here think of U as a domain in Cm. Let p : X → U be a holomorphic and surjective map.
We say that p is smooth if its differential is surjective at every point. Then the fibersXt = p−1(t)
are smooth manifolds, and when the map is proper they are also compact. Let L → X be a
holomorphic line bundle overX , equipped with a an Hermitian metric e−φ.
For t in the base, U , we let
Et = H
n,0(Xt, L),
be the space of holomorphic L-valued (n, 0)-forms on Xt. We can also think of this space as
Et = H
0(Xt, KXt + L),
the space of holomorphic sections overXt of the canonical bundle ofXt twisted with the bundle
L. Equivalently
Et = H
0(Xt, KX/U + L),
is the space of holomorphic sections overXt of the relative canonical bundleKX/U twisted with
L. (The relative canonical bundle, defined as KX/U = KX −KU , is a line bundle over the total
space X that restricts toKXt on every fiber Xt.) Let
E = ∪t∈U{t} × Et.
It turns out that, when the metric on L has semipositive curvature, so that i∂∂¯φ ≥ 0, then E is a
holomorphic vector bundle over U . A section ut of E is defined to be holomorphic if
ut ∧ dt
is a holomorphic (n+m, 0) -form onX , where (t1, ...tm) are holomorphic coordinates on U and
dt = dt1 ∧ ...dtm. Finally, the L2-norm
‖ut‖
2
t := cn
∫
Xt
ut ∧ u¯te
−φ,
defines an Hermitian structure on E. We are then in a situation analogous to the one in Theorem
2.1, with the advantage that we now get a bona fide vector bundle of finite rank.
Theorem 2.5. ([9]) Assume that the curvature of L is nonnegative ( i∂∂¯φ ≥ 0) and that the total
space is Kähler. Then E is a holomorphic vector bundle with nonnegative curvature in the sense
of Nakano (and hence also in the sense of Griffiths).
Notice that what corresponds to pseudoconvexity here is the assumption that X is Kähler, so
somewhat curiously the Kähler assumption appears as a convexity condition. If we look at the
global picture and assume that X is even projective this is rather natural, since we may then re-
move a divisor fromX and get a total space that is Stein, hence pseudoconvex. Since a divisor is
removable for L2-holomorphic forms, it appears that projectivity is related to (pseudo)convexity
for these problems, but as it turns out, Kähler is enough.
When the fibration is trivial, so that X = Z × U , the theorem can be proved in much the
same way as Theorem 2.1, at least when the curvature of e−φ is strictly positive on fibers. The
proof in the general case is based on the formalism of pushforwards of currents. We write the
8norm squared of a holomorphic section as the pushforward of a form on the total space under p,
compute i∂∂¯‖ut‖2t using this formalism, and can then identify the curvature.
Theorem 2.5 can be developed in two different ways, by either adding more, or assuming less,
assumptions. Let us first assume that the curvature form of the metric on L, i∂∂¯φ restricts to a
strictly positive form on each fiber. Then we have a Kähler metric ωt := i∂∂¯φ|Xt on each fiber,
and thus an associated Laplace operator, ✷t = ∂¯∂¯∗ + ∂¯∗∂¯ on L-valued forms on each fiber. We
can then give an ’explicit’ formula for the curvature. To formulate the result we also assume that
the base dimensionm = 1; the general case follows by restricting to lines or curves in the base.
We then define a (1, 1)-form
C(φ) = c(φ)idt ∧ dt¯,
by
(i∂∂¯φ)n+1/(n+ 1)! = C(φ) ∧ (i∂∂¯φ)n/n!
(we will come back to this form later in sections 4 and 5).
Theorem 2.6. ([11]) Assume that ωt = i∂∂¯φ|Xt > 0 on each fiberXt. Then the curvature, Θ of
(E, ‖ · ‖t) is given by
〈Θ∂/∂t,∂/∂t¯ ut, ut〉t = cn
∫
Xt
c(φ)ut ∧ u¯te
−φ + 〈(1 +✷t)
−1κφ ∪ ut, κφ ∪ ut〉t
(where we define κφ∪ below).
To define κφ, we first have to define the notion of ’horizontal lift’ of a vector field, ∂/∂t on
the base, as introduced by Schumacher, [62], generalizing the earlier notion of ’harmonic lift’
of Siu, [64]. A vector field on the total space X is said to be vertical, if it maps to zero under
p. It is horizontal if it is orthogonal to all vertical fields under the (possibly degenerate, possible
indefinite) metric i∂∂¯φ. As shown in [62], any vector field on the base U has a unique horizontal
lift. In our case, the vector field on the base is ∂/∂t, and there is a unique horisontal field Vφ
(depending on i∂∂¯φ) which maps to ∂/∂t under p. Taking ∂¯Vφ and restricting to fibers we get
κφ; it is a ∂¯-closed (0, 1)-form on each fiber, with values in T 1,0(Xt). The cohomology class
of κφ in H0,1(Xt, T 1,0(Xt)) is the Kodaira-Spencer class, but here it is important to look at this
particular representative of the class. The cup product κφ∪ut is obtained by contracting with the
vector part of κφ and wedging with the form part.
From the formula we see that if i∂∂¯φ ≥ 0 and the curvature is zero, then c(φ) = 0 and κφ is
zero on each fiber. These two conditions imply that the horizontal lift of ∂/∂t is a holomorphic
field, whose flow maps fibers to fibers. In fact, we have
Corollary 2.7. Assume that i∂∂¯φ ≥ 0, i∂∂¯φ > 0 on fibers and that the curvature Θ vanishes.
Then there is a holomorphic vector field V on X whose flow lifts to L, such that its flow maps
fibers of p to fibers and is an isometry on L. In particular, the flow maps ωt to ωt′ .
In general terms, this means that the curvature can only vanish if the fibration p : X → U is
trivial, holomorphically and metrically. This is proved under the assumption that the curvature
of L is strictly positive on each fiber, and it does not hold in general without this assumtion (see
[11]).
9It is also interesting to compare again to Prékopa’s theorem. There, if the function φ˜ is not
strictly convex but linear (and if we assume thatm = 1), then φ must have the form
φ(t, x) = ψ(x+ tv) + ct,
where ψ is a convex function on Rn, v is a vector in Rn and c is a constant, [34]. Thus, the
variation of φ with respect to t comes from the flow of a constant vector field applied to a fixed
function ψ, ’lifted’ to the line bundle Rn × R by adding ct. This is similar to what happens in
the complex setting, except that there we get a holomorphic vector field instead.
We next discuss versions of Theorem 2.5 in the more general setting when the metric on the
line bundle L is allowed to be singular, and the map p is no longer assumed to be smooth (in
the sense described above) but only surjective. On the other hand, we now assume that X is
projective and that p : X → Y , where Y is a compact manifold.
By Sard’s theorem, p is smooth outside of p−1(Y1), where Y1 is a proper analytic subvariety of
Y , and there we can define the L2-metric as before. There is a counterpart of the Bergman kernel
here. It is first defined for a ∈ p−1(Y1) as the norm of the evaluation functional at a on Ep(a),
B(a) = sup |u(a)|2/‖u‖2p(a),
where the supremum is taken over all sections u in H0(Xp(a), KX/Y + L) that are square inte-
grable with respect to the metric e−φ (if there are no nontrivial such section, we let B(a) = 0).
This definition however depends on the trivialization ofKX/Y +L chosen near a, so the Bergman
kernel is not a function but defines a metric on KX/Y + L – the Bergman kernel metric B−1 =
e− logB.
Theorem 2.8. ([14])If the singular metric e−φ has semipositive curvature (i. e. i∂∂¯φ ≥ 0 in
the sense of currents), and the Bergman kernel metric is not identically equal to 0, it defines a
singular metric of semipositive curvature on p−1(Y1). Moreover, this metric extends to a singular
metric on KX/Y + L over all of X .
Briefly, if L is pseudoeffective, i. e. has a singular metric of nonnegative curvature,KX/Y +L
is also pseudoeffective, provided that it has a non trivial L2-section over at least one fiber.
This result can be seen as a counterpart to Theorem 2.3 in this setting. The more difficult
problem of counterparts of Theorem 2.5 is discussed in the last section.
3. THE SUITA CONJECTURE AND L2-EXTENSION.
Let D be a (say smoothly) bounded domain in C and suppose 0 ∈ D. The Bergman space of
D is
A2(D) = {h ∈ H(D); ‖h‖2 :=
∫
D
|h|2dλ <∞},
and the Bergman kernel at 0 is
B(0) = sup
‖h‖≤1
|h(0)|2.
To state Suita’s conjecture we also need the Green’s function G(z) which is a subharmonic
function inD, vanishing at the boundary, with a logarithmic pole at 0;
G(z) = log |z|2 − v(z),
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where v is harmonic and chosen so that G vanishes at the boundary. By definition, v(0) :=
cD(0) = cD is the Robin constant of D at 0. Suita’s conjecture, which was proved in [16], [38],
says that
B(0) ≥
e−cD
pi
.
When D is a disk with center 0 it is clear that equality holds, and it was proved in [38] that
equality holds only then. In [17], Błocki gave a much simpler proof of the conjecture, based
on variations of domains and the ’tensor power trick’. In connection with this, László Lempert
proposed an even simpler proof, using (pluri)subharmonic variation of Bergman kernels from
[48], [10], that we shall now describe (see [17], [13]).
Let for t ≤ 0,
Dt = {z ∈ D;G(z) < t},
and Bt(0) be the Bergman kernel for Dt. Since
D := {(τ, z) ∈ C×D;G(z)− Re τ < 0}
is a pseudoconvex domain in C2, and Dt = Dτ , the vertical slice of D, if t = Re τ , it follows
from [48], [10] (cf Theorem 2.4) that logBt(0) is convex. When t approaches −∞, Dt is very
close to a disk centered at the origin with radius e(t+cD)/2, so
Bt ∼
e−t−cD
pi
.
In particular, the function
k(t) := logBt(0) + t
is convex and bounded on the negative half axis. Therefore, it must be increasing. Hence
B(0) = ek(0) ≥ lim
t→−∞
ek(t) =
e−cD
pi
,
which proves Suita’s conjecture.
It is clear that similar proofs work in higher dimensions and also for weighted Bergman spaces
with a plurisubharmonic weight function. The main new observation in [13] is that the same
technique can be used to give a proof of the Ohsawa-Takegoshi extension theorem, [52].
We first recall a simple version of this important result. We let D be a bounded pseudoconvex
domain in Cn and φ a plurisubharmonic function in D. Let V be a linear subspace of Cn of
codimension m which intersects D. The Ohsawa-Takegoshi theorem says that in this situation
(and actually under much more general conditions), for any holomorphic function f on V ∩D,
there is a holomorphic function F in D, such that f = F on V and∫
D
|F |2e−φdλn ≤ C
∫
V ∩D
|f |2e−φdλn−m,
where C is a constant depending only on the diameter of D. What makes this theorem so pow-
erful is that even though there is no assumption of strict plurisubharmonicity or smoothness, we
get an estimate with an absolute constant. Note that, when V is just a point, we get the existence
of a function F inD with good L2-estimates and prescribed value at the origin; this is equivalent
to an estimate for the Bergman kernel.
11
Just as in Suita’s conjecture, one can now ask for optimal estimates. Such estimates were given
in [16] and more generally by Guan and Zhou, [38]. We shall now see that results of this type also
follow from Theorem 2.3. We also point out that, conversely, Guan and Zhou show that results
along the line of Theorems 2.3 and 2.5 follow from sharp versions of the Ohsawa-Takegoshi
extension theorem, so in very general terms the two types of results are perhaps ’equivalent’.
Write for z in Cn, z = (z1, ...zm, zm+1, ...zn) = (z′, z′′), and say that V is defined by the
equation z′ = 0. Let
G(z) = log |z′|2,
and let
Dt = {z ∈ D;G(z) < t}.
Wemay assume that |z′| ≤ 1 inD. For each t ∈ (−∞, 0)we let Ft be the extension of f toDt of
minimal norm. Such a minimal element exists by general Hilberts space theory. The following
result is not explicitly stated in [13], but implicitly contained there.
Proposition 3.1.
e−mt‖Ft‖
2
t = e
−mt
∫
Dt
|Ft|
2e−φdλ
is a decreasing function of t.
It follows that
‖F0‖
2 ≤ lim
t→−∞
e−mt‖Ft‖
2
t .
It is not hard to see that the last limit equals (with σm the volume of them-dimensional unit ball)
σm
∫
V ∩D
|f |2eφdλn−m,
at least when φ is smooth in a neighbourhood of the closure ofD. This gives the sharp extension
theorem in this setting, and the general case is obtained by the usual approximation procedures.
Proposition 3.1 can be proved much like the Suita conjecture, but using the general Theorem
2.3 instead of plurisubharmonic variation of Bergman kernels. First note that since any function
f on V ∩D extends to D, the space of holomorphic functions on V ∩D can be identified with
the quotient space H(D)/J(V ), or H(Dt)/J(V ), where J(V ) is the subspace of functions that
vanish on V . The quantity that we want to estimate, ‖Ft‖t, is the norm of f in A2(Dt)/J(V ).
The space of measures with compact support in V ∩D is dense in the dual ofH(Dt)/J(V ). We
first prove a dual estimate on such measures:
‖µ‖2t e
mt
is increasing, with
‖µ‖2t = sup
F
|
∫
Fdµ|2∫
Dt
|F |2e−φdλ
.
This is proved in almost exactly the same way as in the Suita case, when V is a point, and
Proposition 3.1 follows.
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4. THE SPACE OF KÄHLER METRICS.
In this section we will look at fibrations with X = Z × U where Z is a compact complex
manifold, U is a domain in C and p : X → U is the projecion on the second factor. We also
assume given a complex line bundle, L over Z. Pulling it back toX by the projection on the first
factor we get a line bundle overX , that we denote by the same letter, sometimes writing L→ X
or L → Z, to make the meaning clear. Mostly we assume that L → Z is positive, in the sense
that it has some smooth metric of positive curvature, but we don’t fix any metric – instead we
will use this set up to study the spaceML of positively curved metrics on L.
Here all the fibers Xt = Z are the same and the line bundles L|Xt are also the same. A metric
on L → X can be interpreted as a complex curve of metrics on L, parametrized by τ in U . Of
particular interest for us is the case when U = {τ ∈ C; 0 < Re τ < 1} is a strip and φ only
depends on the real part of τ ; then we can interpret φ as a real curve inML.
The space ML was introduced by Mabuchi, [46]. It is an open subset of an affine space
modeled on C∞(Z), therefore the tangent space ofML at any point φ is naturally identified with
C∞(Z). Mabuchi defined a Riemannian structure onML by
‖χ‖2φ :=
∫
Z
|χ|2ωnφ,
for χ ∈ C∞(Z), with ωφ := i∂∂¯φ, see also Semmes, [63] and Donaldson, [30]. As proved in
these papers, a curve in ML, i. e. a metric on L depending only on t = Re τ is a geodesic for
the Riemannian metric if and only if i∂∂¯φ ≥ 0 on X , and it satisfies the homogenous complex
Monge-Ampère equation
(i∂∂¯φ)n+1 = 0.
In our terminology in section 2, this means that c(φ) = 0, and in general, c(φ) can be interpreted
as the geodesic curvature of the curve. Since honest geodesics are scarce, see [42], [27], [59],
[60] for problems encountered in solving the homogenous complex Monge-Ampère equation
involved, we will also use ’generalized geodesics’. These are metrics on L as above that are
only assumed to be locally bounded, such that i∂∂¯φ ≥ 0 and (i∂∂¯φ)n+1 = 0 in the sense of
pluipotential theory ([4]). It is easy to see ([11]) that any two metrics in ML can be connected
with a generalized geodesic in this sense, and by a famous result of Chen, [21], [18], the geodesic
has in fact higher regularity, so that ∂∂¯φ is a current with bounded coefficients. We will say that
such geodesics are of class C(1,1). There is by now an extensive theory on these matters, for
which we refer to [46], [63], [30], [55] and [31].
We first consider the case when L = −KZ is the anticanonical bundle of Z. The positivity of
L then means that Z is a Fano manifold. The fibers of the vector bundle E, defined in section 2,
Eτ = H
0(Xτ , KXτ + L) = H
0(Z,C)
are then just the space of constant functions on Z (so E is a line bundle). A metric e−φ on
L → Z can be identified with a volume form on Z that we also denote e−φ, and with this
somewhat abusive notation we have for the element ’1’ inH0(Z,C),
‖1‖2φ =
∫
Z
e−φ.
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We are therefore in the situation described in the introduction when E is a line bundle with a
nonvanishing section. Therefore we get a Prékopa type theorem for Fano manifolds.
Theorem 4.1. ([12]) Let e−φ be a locally bounded metric on L → Z × U , where L → Z is the
anticanonical bundle of Z. Assume that U is a strip and that φ depends only on the real part of
τ ∈ U . Suppose also that i∂∂¯φ ≥ 0 in the sense of currents. Let
φ˜(t) = − log
∫
Z
e−φ(t,·).
Then φ˜ is a convex function of t. If φ˜ is linear, then there is a holomorphic vector field V on U ,
which is a lift of ∂/∂τ on U , whose flow maps fibersXτ to fibers and i∂∂¯φ|Xτ to i∂∂¯φ|Xτ .
When φ is smooth the first part of the theorem follows immediately from Theorem 2.5, and
the general case is easily obtained by approximation. The second part is clearly of the same vein
as Corollary 2.7, but it does not follow directly from there because of the lack of smoothness and
strict positivity.
The main interest of this result lies in its connection with Kähler-Einstein metrics. To explain
this we also need to introduce the Monge-Ampère energy, E(φ), of a metric. This is a real valued
function on ML, which can be defined (up to a constant) by the property that for any curve
t→ φt ∈ML,
d
dt
E(φt) =
1
V ol(L)
∫
Z
φ˙tω
n
φt/n!,
where φ˙ = dφ/dt and the volume of the line bundle is
V ol(L) :=
∫
Z
ωnφ/n!
(it does not depend on the metric). One then defines the Ding functional, [29], as
D(φ) := log
∫
Z
e−φ + E(φ).
The critical points of the Ding functional are the metrics that satisfy
e−φ = Cωnφ.
This means precisely that the Ricci curvature of the Kähler metric ωφ equals ωφ, i. e. that ωφ is a
Kähler-Einstein metric (of positive curvature). It is well known that the Monge-Ampère energy
is linear along (even generalized) geodesics, so the Ding functional is linear along a geodesic
precisely when its first term
t→ log
∫
Z
e−φt
is linear. As noted by Berman, [6], this gives a proof of the Bando-Mabuchi uniqueness theorem
([3]), for Kähler-Einstein metrics on Fano manifolds. Indeed, suppose e−φ0 and e−φ1 are metrics
on the anticanonical bundle of Z, and that i∂∂¯φ0 and i∂∂¯φ1 are both Kähler-Einstein. Connect
them by a generalized geodesic. Since both endpoints are critical points for the Ding functional,
and the Ding functional is concave along the geodesic, it must in fact be linear. Then Theorem
4.1 implies that ωφ0 and ωφ1 are connected via the flow of a holomorphic vector field, i. e.
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an element in the identity component of the automorphism group. This is the Bando-Mabuchi
theorem.
As also noted by Berman, in [6], similar arguments prove a variant of the Moser-Trudinger-
Onofri inequality ([50], [53]) for Kähler-Einstein Fano manifolds (the original case of the theo-
rem was for Z equal to the Riemann sphere). The (variant of) the theorem says, in our terminol-
ogy, that Kähler-Einstein metrics are global maxima for the Ding functional on the space of all
positively curved metrics, which is clear from the concavity, since Kähler-Einstein metrics are
critical points. The original version of the theorem, for the Riemann sphere, deals with metrics
that are not necessarily positively curved, but as shown by Berman, this follows in one dimension
from the positively curved case by an elegant trick.
The formalism described here can easily be generalized. We fix a metric e−ψ on a pseudoef-
fective R-line bundle L′ and study metrics e−φ on an R-line bundle L′′, such that L′+L′′ = L =
−KZ . With this we define the twisted Ding functional
Dψ(φ) := log
∫
Z
e−φ−ψ + E(φ),
where Vol(L) is replaced by Vol(L′′) in the definition of E . The critical points of Dψ satisfy
e−φ−ψ = Cωnφ.
Hence the Ricci curvature of ωφ satisfies
Ric(ωφ) = ωφ + i∂∂¯ψ,
so ωφ is a ’twisted Kähler-Einstein metric’. It is clear that if ψ is assumed to be bounded, the same
argument as before gives uniqueness modulo automorphisms, but actually the argument can be
generalized to when i∂∂¯ψ = β[∆] is a multiple of a current defined by a divisor in Z. This leads
to a uniqueness theorem for Kähler-Einstein metrics with conical singularities, introduced by
Donaldson in [32], as a tool for the solution of the Yau-Tian-Donaldson conjecture, see [23] and
subsequent papers. In these papers it was also shown that this generalized version of Theorem 4.1
can be used to prove reductivity of the group of automorphisms of the pair (Z,∆). Furthermore,
the theorem was generalized to ’log-Fano’ manifolds, that arise naturally in this context, in [5].
In this context, see also [7] for applications to the converse direction of the Yau-Tian-Donaldson
conjecture.
So far we have discussed only the case when L is the anticanonical bundle of Z, and the
resulting convexity preperties of the Ding functional, but it turns out that the formalism is also
useful in connection with other functionals in Kähler geometry. A case in point is the Mabuchi
K-energy, [47], M. The K-energy of a metric e−φ on a positive line bundle L can be defined
(again up to a constant) by
d
dt
M(φt) =
∫
Z
φ˙(Sφ − Sˆφ)ω
n
φ/n!,
where t→ φt is any smooth curve inML, Sφ is the scalar curvature of the Kähler metric ωφ, and
Sˆφ is the average of Sφ over Z. The raison d’être of M is that its critical points are precisely
(the potentials of) the metrics of constant scalar curvature. It was proved by Mabuchi [47], that
M is convex along smooth geodesics, but, again, in applications there is a need to consider also
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generalized geodesics. It was proved by Chen, [22], that the K-energy can be defined along
any generalized geodesic of class C(1,1), which is crucial since any two points in the space can
be connected by such geodesics. (For this, he rewrites the definition of M since the original
definition involves four derivatives of φ.) Chen also conjectured thatM would be convex along
any generalized geodesic of class C(1,1). This was proved in a joint paper with Robert Berman,
[8].
Theorem 4.2. The Mabuchi K-energy is convex along any generalized geodesic of class C(1,1).
(An alternative proof was later given in [24].) Using this we proved the uniqueness of metrics
of constant scalar curvature up to flows of holomorphic vector fields:
Theorem 4.3. Let Z be a compact manifold and L→ Z a positive line bundle. Let ω0 and ω1 be
two Kähler metrics on of constant scalar curvature in c1[L]. Then there is a holomorphic vector
field on Z, with time 1 flow F , such that F ∗(ω1) = ω0.
Uniqueness was proved earlier, in case Z has discrete automorphism group in [33]. Our result
is in fact more general; it treats not only metrics of constant scalar curvature, but general ’ex-
tremal metrics’, and does not assume that the cohomology class of the metrics is integral. For
this, and a discussion of previous work, we refer to [8].
5. VARIATION OF COMPLEX STRUCTURE
In this section we will mainly consider families of canonically polarized manifolds. We as-
sume that p : X → U is a smooth proper fibration, that U is a domain in C, and that the fibers
Xt have positive canonical bundle. In this setting,X is automatically Kähler, since we may find
a smooth metric e−ψ on KX/U which is positively curved on fibers, and take a Kähler form as
i∂∂¯ψ + p∗(ω) where ω is sufficiently positive on the base. Hence the results from Section 2
apply.
By the Aubin-Yau theorem, [71], [2], each fiber has a unique Kähler-Einstein metric (now
with Ricci curvature equal to -1). This metric can be written
ω = i∂∂¯φ,
where e−φ is a metric on the canonical bundle. Then eφ is a metric on the anticanonical bundle,
which as in the previous section can be identified with a volume form, and the metric is unique
if we normalize so that
eφ = (ωφ)
n/n!.
Applying this to each fiberXt we get a metric on the relative canonical bundleKX/U that we also
denote by e−φ. An important theorem of Schumacher, [62] implies that i∂∂¯φ is semipositively
curved not only along the fibers, but on the total space:
Theorem 5.1. If e−φ is the normalized Kähler-Einstein potential described above, and c(φ) is
defined as in section 2, then
✷c(φ) + c(φ) = |κφ|
2
on each fiber. As a consequence, c(φ) is semipositive and strictly positive on each fiber where κφ
does not vanish identically.
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Here ✷ = ∂¯∗∂¯ is the Laplace operator on functions on a fiber, for the Kähler metric ωφ|Xt ,
and κφ, as defined as in section 2 turns out to be the harmonic representative of the Kodaira-
Spencer class. The non negativity part of the statement follows immediately from the differential
equation, since ✷c(φ) ≤ 0 at a minimum point, and the strict positivity part is also a well known
property of elliptic equations. Since i∂∂¯φ > 0 along the fibers, the positivity of c(φ) implies that
i∂∂¯φ is positive on the total space.
This result can be seen as an analog of Theorem 2.8, when L is trivial or a power of the relative
canonical bundle. Indeed, that theorem says the Bergman kernel defines a semipositive metric
on the relative canonical bundle, at least if it is not identically zero. Tsuji, [66], independently
proved the semipositivity part of Theorem 5.1, using Theorem 2.8 and iteration:
Theorem 5.2. Let X be a family of canonically polarized manifolds. For any sufficiently pos-
itive line bundle (L, e−ψ) on X , let e−s(ψ) be the Bergman kernel metric on KX/U + L. Define
iteratively a sequence of metrics hm = e
−sm(ψ) onmKX/U +L in this way. Then an appropriate
renormalization of h
1/m
m tends to the metric onKX/U defined by the Kähler-Einstein potentials.
Since all the metrics in the iteration have semipositive curvature by Theorem 2.8, this gives a
different proof of the semipositivity part of Theorem 5.1. Tsuji also applied these arguments to
situations when we assume much less positivity along the fibers.
Both Schumacher’s theorem and Theorem 2.8 give some positivity of KX/Y under assump-
tions of fiberwise positivity. Schumacher’s theorem was generalized by Mihai Paun, [49], to
twisted relative canonical bundles, and even to general adjoint classes, not necessarily integral.
He also applied this result to solve a long standing conjecture about the surjectivity of the Al-
banese map for compact Kähler manifolds with nef anticanonical bundle.
Theorem 5.3. Let p : X → Y be a holomorphic surjective map between compact Kähler
manifolds. Let β be a semipositive closed (1, 1)-form on on X and assume that the cohomology
class c1[KX/Y ] + [β] contains a (1, 1)-form Ω which is strictly positive on all fibers Xy, for y
outside a proper analytic subset, Y0, of Y . Then c1[KX/Y ] + β contains a closed semipositive
current, which is smooth outside p−1(Y0).
Let us now consider the particular case of a fibration p : X → U where the fibers are Riemann
surfaces of a certain genus g ≥ 2. If we choose L = KX/U , our vector bundle E with fibers
Et = H
1,0(Xt, KX/Y ) = H
0(Xt, 2KX/U)
is the dual of the bundle with fibers
E∗t = H
0,1(Xt, T
1,0(Xt)),
which is the space of infinitesimal deformations of the complex structure on Xt. Any positively
curved metric on E therefore induces a negatively curved metric on the space of deformations
(along U). In particular, taking the L2-metric on E, defined by the metric on KX/U given by
the Kähler-Einstein potentials, e−φ, we get the Weil-Peterson metric on U . By Schumacher’s
theorem, e−φ is (semi)positively curved onX , so we get the classical fact that the Weil-Peterson
metric has seminegative curvature, and negative curvature where the Kodaira-Spencer class does
not vanish, [1], [61], [70]. Moreover, from Theorem 2.6, we get an explicit formula for the
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curvature. Using Schumacher’s theorem again (now the differential equation for c(φ)), we can
rewrite the formula so that it coincides with the formula found by Wolpert, [70], see [11]. The
same argument works when U has higher dimension, and then Theorem 2.5 shows that the Weil-
Peterson metric has dual Nakano-negative curvature, cf [44]. This is stronger than negative
bisectional curvature, which corresponds to Griffiths negativity.
The case of families of higher dimensional canonically polarized manifolds is significantly
more complicated. We are then primarily interested in vector bundlesH1,n−1 with fibers
H1,n−1(Xt, KX/U)
and their positivity properties. The reason for this is that the dual of H1,n−1(Xt, KX/U) =
Hn,n−1(Xt, (T
∗)1,0(Xt)) is H0,1(Xt, T 1,0), the space of infinitesimal deformations of the com-
plex structure on Xt. The Kodaira-Spencer map sends the tangent bundle of U into this space,
and therefore any metric on H1,n−1 induces a metric on the base. The Weil-Peterson metric on
the base (which can be obtained this way) was first studied by Siu, [64], who found an explicit
formula for its curvature. This was generalized by Schumacher, [62], who found a curvature
formula for the bundle H1,n−1 and also for the other higher direct image bundles Hp,q, with
p + q = n. Both Siu’s and Schumacher’s formulas contain terms that give an apparent positive
contribution to the curvature of the Weil-Peterson metric, but as shown in [62] and [65], the met-
rics on all the higher direct images bundles can be combined to give a Finsler metric of strictly
negative sectional curvature that can partly substitute for the Weil-Peterson metric.
All these works focus on the relative canonical bundle and the metric on it given by the Kähler-
Einstein potential, and in the case of one dimensional fibers they are special cases Theorem 2.6.
The generalization to general line bundles L with metrics of fiberwise positive curvature was
obtained in [51] and [15]. In [15], the formalism was also extended to families of Calabi-Yau
manifolds (where related results have also been announced by To and Yeung). Finally, we also
mention that, building on work by Lu, [45], Wang,[69], has found a different approach to these
problems, which so far works for Calabi-Yau families and then produces a Hermitian version
of the Weil-Peterson metric, with negative bisectional curvature. The main idea is to embed the
tangent bundle of U , not in the dual of H1,n−1 as above, but in the endomorphism bundle of the
sum of all theHp,q.
6. POSITIVITY OF DIRECT IMAGE SHEAVES
We shall finally discuss extensions of Theorem 2.5 under less restrictive assumptions. Let
p : X → Y be a surjective holomorphic map between two projective varieties, and let L → X
be a holomorphic line bundle equipped with a singular metric e−φ with semipositive curvature
current i∂∂¯φ ≥ 0. The ’multiplier ideal sheaf’ I(φ) is the sheaf of holomorphic functions on X
that are square integrable against e−φ. The first problem is that under these general circumstances
we no longer get a vector bundle on the base. The role of the vector bundle E is instead played
by the (zeroth) direct image sheaf,
E := p∗((KX/Y + L)⊗ I(φ)).
E is a sheaf over Y whose sections over an open set U in the base are the sections of (KX/Y +
L) ⊗ I(φ) over p−1(U). By a classical theorem of Grauert, E is coherent and it is also torsion
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free. The consequence of this that we will use is that it is locally free outside of a subvariety,
Y0, of Y of codimension at least two. This means that outside of Y0, E is the sheaf of sections
of a vector bundle E. In the setting of Theorem 2.5, Y0 is empty and E coincides with the sheaf
of sections of E as defined there. In general, let Y1 be a proper subvariety of Y such that p is a
submersion outside p−1(Y1). We can now define a L2-metric on E over p−1(Y \ (Y0 ∪ Y1)) as
we did when e−φ was assumed to be smooth. The new feature that appears is that this is now a
singular metric. For singular metrics on a vector bundle it seems impossible to define positivity
and negativity in terms of a curvature current (cf [57]), but we can circumvent this problem in a
way similar to what we did in Theorem 2.3: We say that a singular metric is negatively curved
if the logarithm of the norm of any holomorphic section is plurisubharmonic, and it is positively
curved if the dual is negative (cf [14]).
Paun and Takayama extended the notion of singular metrics on vector bundles to the setting
of coherent, torsion free sheaves. The definition is simply that a singular metric on such a sheaf
is a singular metric on the vector bundle defined by the sheaf outside of Y0. Since negativity
(and positivity) of the curvature is defined in terms of plurisubharmonic functions, and since
plurisubharmonic functions extend over varieties of codimension at least 2, it turns out that this
is a useful definition. Given all this, we have the following theorem of Paun-Takayama, [54], and
Hacon-Popa-Schell, [39], which seems to be the most general theorem on (metric) positivity of
direct images.
Theorem 6.1. The L2-metric on E = p∗((KX/Y + L)⊗ I(φ)) over the complement of Y0 ∪ Y1
extends to a (singular) metric of nonnegative curvature on the coherent and torsion free sheaf E
.
(Paun and Takayama proved this when I(φ) is trivial on a generic fiber.) The next theorem is
also due to Paun and Takayama:
Theorem 6.2. Any coherent torsion free sheaf which has a (singular) metric of nonnegative
curvature is weakly positive in the sense of Viehweg, [67]. Hence, by Theorem 6.1,
E := p∗((KX/Y + L)⊗ I(φ))
is weakly positive.
In very general terms, the notion of ’positivity’ in algebraic geometry, is often given in terms
of the existence of certain holomorphic or algebraic objects. Thus, e. g. the positivity of a line
bundle means that a high power of it has enough sections to give an embedding into projective
space. Similarily, Viehweg’s weak positivity of a sheaf F means that certain associated sheaves
are generated by global sections. From the analytic point of view, the existence of such sections
should be a consequence of the metric positivity of curvature, and the previous theorem gives a
very general version of this. We will not go into more details on these matters or give the exact
definition of positivity in the sense of Viehweg – it would require another article (and another
author.)
Instead we end by a major application of these results, due to Cao and Paun, [20].
Theorem 6.3. Let p : X → A be a surjective holomorphic map, where X is smooth projective
and A is an Abelian variety. Then we have the inequality for the Kodaira dimensions of X and a
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generic fiber, F ,
κ(X) ≥ κ(F ).
This proves the case of the famous ’Itaka conjecture’, κ(X) ≥ κ(F ) + κ(Y ), when Y is an
Abelian variety (and hence has Kodaira dimension zero). For a simplification of the proof and a
generalization of the result we refer to [39], which is also a beautiful survey of the field.
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